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Abstract

Mechanical systems are most often described by a set of continuous-time, nonlinear, second-
order differential equations (SODEs) of a particular structure governed by the covariant
derivative. On the other hand, feedback linearization is a well-established technique in con-
trol theoretic applications, which allows a nonlinear system to have locally linear properties.
Mechanical feedback linearization has also been of recent interest, where one has certain
conditions under which feedback linearization simultaneously preserves the mechanical prop-
erties of the system.

In this thesis, we visit mechanical feedback linearization and introduce a dynamic compen-
sator to attempt deriving conditions for dynamic mechanical feedback linearization.

Keywords: feedback linearization, mechanical systems, dynamic compensators, differential
geometric control, nonlinear control
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Chapter 1

Introduction

1.1 Objective

Feedback linearization has been studied extensively by [1], [3], [4] and has been applied to
many real-world problems. Although usually, nonlinear systems in mechanical, aerospace and
other engineering domains are second-order mechanical systems which have an underlying
mechanical structure and some properties like symmetry, invariance, etc., which must be
conserved while performing feedback linearization. This is termed mechanical feedback
linearization (or MF-linearization) [6].

A slight modification to the process of feedback linearization by adding a dynamic compen-
sator, leads to technique called dynamic feedback linearization ([2], [5]). This thesis will go
over the conditions under which a given mechanical control system is dynamically feedback
linearizable while preserving the underlying mechanical structure.

1.2 Preliminaries

Definition 1.2.1 (Control affine systems). A control affine system Σ is a triple pM, g, f q

where:

• M is an N-dimensional smooth manifold,

• g “ pg1, . . . , gmq is an m-tuple control vector fields, where gi P XpMq, and

• f P XpMq is a drift vector field

A trajectory of Σ is a piecewise C1 function of time zptq : I Ñ M, where I is an interval in
R, and that zptq satisfies the following equation:

Σ : 9z “ f pzq `

m
ÿ

r“1

gr pzqur , (2.1)

where z P M denotes the state of the system, and u “ pu1, . . . , umq P U Ă Rm are control
inputs that belong to a class of admissible controls U for the system.

Definition 1.2.2 (S-equivalence). Consider two N-dimensional control-affine systems with
the same control space U P Rm

Σ : 9z “ f pzq `

m
ÿ

r“1

gr pzqur , Σ̃ : 9̃z ` f̃ pz̃q `

m
ÿ

r“1

g̃r pz̃qũr
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We can say that Σ and Σ̃ are state-space equivalence, shortly S-equivalent, if there exists
a diffeomorphism (or change of coordinates) φ : M Ñ M such that

Bφ

Bz
pzqf pzq “ f̃ pφpzqq,

Bφ

Bz
pzqgr pzq “ g̃r pφpzqq

for all r “ 1, . . . , m. In compact notation, we can also write it as φ˚f “ f̃ and φ˚gr “ g̃r .

Definition 1.2.3 (S-linearization). Σ is state-space linearizable (shortly S-linearizable) if it is
S-equivalent to a linear control system LΣ. There exists a local diffeomorphism φ : M Ñ RN
such that it simultaneously linearizes the drift vector field f and maps the control vector
fields gr into constant ones br :

Bφ

Bz
pzqf pzq “ Az̃,

Bφ

Bz
pzqgr pzq “ br

and therefore the system in the new coordinates z̃ “ φpzq gives:

9̃z “ φ˚f `

m
ÿ

r“1

φ˚grur “ Az̃ `

m
ÿ

r“1

brur (2.2)

Definition 1.2.4 (F-equivalence). Consider two N-dimensional control-affine systems

Σ : 9z “ f pzq `

m
ÿ

r“1

gr pzqur , Σ̃ : 9̃z “ f̃ pz̃q `

m
ÿ

s“1

g̃spz̃qũs

where z P M, z̃ P M̃, u, ũ P Rm. We say that Σ and Σ̃ are feedback-equivalent or F-
equivalent if there exists a diffeomorphism φ : M Ñ M̃ and an invertible feedback of the
form ur “ αr pzq `

řm
s“1 β

r
s pzqũs such that

Bφ

Bz
pzq

˜

f `

m
ÿ

r“1

grα
r

¸

pzq “ f̃ pφpzqq,
Bφ

Bz
pzq

˜

m
ÿ

r“1

βrsgr

¸

pzq “ g̃spφpzqq

Definition 1.2.5 (F-linearizable). Σ is feedback linearizable (F-linearizable) if it is F-
equivalent to a linear control system LΣ of the form 9̃z “ Az̃ `Bũ. Thus, there exists a dif-
feomorphism φ : M Ñ RN and an invertible feedback of the form ur “ αr pzq`

řm
s“1 β

r
s pzqũs

such that

9̃z “ φ˚

˜

f `

m
ÿ

r“1

grα
r

¸

`

m
ÿ

s“1

φ˚

˜

m
ÿ

r“1

βrsgr

¸

ũs “ Az̃ `

m
ÿ

s“1

bs ũs
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Chapter 2

Mechanical control systems

2.1 Definitions

A mechanical control system pMSq defined on local coordinates x “ px1, . . . , xnq on a
smooth configuration manifold Q. It takes the form of a second-order differential equation:

:xi “ ´Γijkpxqyjyk ` eipxq `

m
ÿ

r“1

gir pxqur , 1 ď i ď n (1.1)

Equivalently, we can describe it as two first-order system on the tangent bundle TQ which
is the state space of the system using coordinates px, yq “ px1, . . . , xn, y1, . . . , ynq:

pMSq : 9xi “ yi

9yi “ ´Γijkpxqyjyk ` eipxq `

m
ÿ

r“1

gir pxqur , 1 ď i ď n
(1.2)

This mechanical system can be written compactly taking z “ px, yq as

9z “ F pzq `

m
ÿ

r“1

Gr pzqur (1.3)

where F “ yi
B

Bxi
`

´

´Γijkpxqyjyk ` eipxq

¯

B

Bxi
, and Gr “ gir pxq

B

Byi
.

2.2 Mechanical Feedback Equivalence

2.2.1 Mechanical Feedback Transformations

Let MF be a group of transformations generated by:

1. change of coordinates given by diffeomorphisms

Φ :TQ Ñ TQ̃

px, yq ÞÝÑ px̃ , ỹq “ pφpxq, Dφpxqyq

2. mechanical feedback transformation, denoted by pα, β, γq of the form

ur “ γrjkpxqyjyk ` αr pxq `

m
ÿ

s“1

βrs pxqũs
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where γrjk “ γrkj

such that the transformed system is linear and mechanical

pLMSq : 9̃xi “ ỹi

9̃yi “ E ij x̃j `

m
ÿ

s“1

bis ũs
(2.1)

Definition 2.2.1. Two mechanical control systems pMSqpn,mq “ pQ,∇, g, eq and p ĄMSq “

pQ̃, ∇̃, g̃, ẽq are mechanical feedback equivalent (orMF -equivalent) if there exists a mechan-
ical transformations pφ,α, β, γq P MF that maps pMSq to p ĄMSq according to the following
transformations

φ : Q Ñ Q̃ φpxq “ x̃

φ

˜

∇´

m
ÿ

r“1

gr b γr

¸

“ ∇̃

φ˚

˜

m
ÿ

r“1

βrsgr

¸

“ g̃s , 1 ď s ď m

φ˚

˜

e `

m
ÿ

r“1

grα
r

¸

“ ẽ

It is important to note that the group MF preserves the mechanical structure of pMSqpn,mq.
It can proven such that the Christoffel symbols transform as

Γ̃ipspx̃q “ ´
B2x̃i

BxjBxk

Bxj
Bx̃p

Bxk
Bx̃s

`
Bx̃i
Bxj

Bxq
Bx̃p

Bxr
Bx̃s

˜

Γiqr pxq ´

m
ÿ

l“1

gjl pxqγ lqr pxq

¸

the uncontrolled vector fields is transformed as

ẽipx̃q “
Bx̃i
Bxj

˜

ejpxq `

m
ÿ

l“1

gjl pxqαlpxq

¸

and also control vector fields transform as

g̃itpx̃q “
Bx̃i
Bxj

˜

m
ÿ

l“1

pxqβltpxq

¸

Thus, the mechanical structure is preserved, yielding the transformed dynamics:

9̃xi “ ỹi

9̃yi “ ´Γ̃ipspx̃qỹp ỹs ` ẽipx̃q `

m
ÿ

t“1

g̃itpx̃qvt
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Chapter 3

Feedback Linearization

3.1 Static Feedback Linearization

Consider a continuous time nonlinear system of the form

Σ : 9xptq “ f pxptq, uptqq (1.1)

The system Σ is feedback linearizable if there exists a coordinate transformation x̃ “ ϕpxq

and a feedback transformation u “ γpx, vq such that Σ is a locally a linear system of the
form

LΣ : 9̃xptq “ Ax̃ptq ` Bvptq (1.2)

3.1.1 Example

Consider a motivating example with a system of the form:
ˆ

9x1
9x2

˙

“

ˆ

p1` 2uptqqx2ptq

uptq

˙

(1.3)

Taking x̃1 “ x1 ´ x22 and x̃2 “ x2, we get the diffeomorphism ϕpx1, x2q “
`

x1 ´ x22 , x2
˘

, we
get the feedback linearized system:

ˆ

9z1ptq
9z2ptq

˙

“

ˆ

z2ptq

uptq

˙

(1.4)

3.2 Dynamic Compensator

Consider a control-affine nonlinear system given by

9x “ f pxq `

m
ÿ

r“1

gr pxqur (2.1)

A dynamic compensator is given by introducing a compensator state w P Rq such that:

9wp “ κppx, wq `

m
ÿ

s“1

δps px, wqµs

ur “ ar px, wq `

m
ÿ

s“1

brspx, wqµs

(2.2)
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Hence, the extended system is given by the dynamics:

9x “ f pxq `

m
ÿ

r“1

gr pxq

˜

ar px, wq `

m
ÿ

s“1

brspx, wqµs

¸

9wp “ κppx, wq `

m
ÿ

s“1

δps px, wqµs

(2.3)

Writing in compact form, taking ξ “ px, wqT such that

9ξ “ F pξq `

m
ÿ

r“1

Gr pξqµr (2.4)

3.3 Dynamic Feedback Linearization

Consider the system (2.4) with the dynamic compensator (2.3). If there exists a transfor-
mation zptq “ Φpxptq, wptqq leading to the linear system:

9zptq “ Azptq ` Bvptq (3.1)

such that A P Rpn`mqˆpn`mq and B P Rpn`mqˆq, and the linearizing feedback is given by

µr “ αr px, wq `

m
ÿ

s“1

βrs px, wqvs (3.2)

such that

AΦpxq “ DF pξq ¨ pF pξq ` Gpξqαpξqq

B “ DF pξqβpξq

3.3.1 Example

Consider a motivating example of a system
¨

˚

˚

˝

9x1
9x2
9x3
9x4

˛

‹

‹

‚

“

¨

˚

˚

˝

x2 ` 2x2x3
x3
0

0

˛

‹

‹

‚

`

¨

˚

˚

˝

0

0

1

0

˛

‹

‹

‚

u1 `

¨

˚

˚

˝

2x2x4
x4
0

1` x3

˛

‹

‹

‚

u2 (3.3)

around any x0 P R4 such that px20, x30, x40q ‰ p0,´1, 0q and u “ pu1, u2q P R2. One can
easily verify that this system does not satisfy the necessary and sufficient conditions for
static feedback linearization given in [4]. However, if we consider a dynamic compensator
of the form:

u1 “ µ1

u2 “ w

9w “ µ2



Chapter 3. Feedback Linearization 7

Thus, the extended system dynamics is given by:
¨

˚

˚

˚

˚

˝

9x1
9x2
9x3
9x4
9w

˛

‹

‹

‹

‹

‚

“

¨

˚

˚

˚

˚

˝

x2 ` 2x2px3 ` x4wq

x3 ` x4w

0

p1` x3qw

0

˛

‹

‹

‹

‹

‚

`

¨

˚

˚

˚

˚

˝

0

0

1

0

0

˛

‹

‹

‹

‹

‚

µ1 `

¨

˚

˚

˚

˚

˝

0

0

0

0

1

˛

‹

‹

‹

‹

‚

µ2

Thus, we can see that this system is feedback linearizable by the state transformation:

z “ pz1, z2, z3, z4, z5q :“ Φpx1, x2, x3, x4, wq “
`

x1 ´ x22 , x2, x3 ` x4w, x4, p1` x3qw
˘

and the invertible static feedback
ˆ

µ1
µ2

˙

:“

ˆ

1 x4
w 1` x3

˙´1ˆ

v1 ´ p1` x3qw
2

v2

˙

where v :“ pv1, v2q is the modified control input. This is equivalent to the LTI system:

9z1 “ z2

9z2 “ z3

9z3 “ v1

9z4 “ z5

9z5 “ v2

Hence, the original system is dynamic feedback linearizable around px0, u0q.

3.4 Mechanical Feedback Linearization

A mechanical control system pMSqpn,mq “ pQ,∇, g, eq is said to be MF -linearizable if it
is MF -equivalent to a linear mechanical system pLMSqpn,mq “ pRn, ∇̄, b, Ex̃q, where ∇̄ is
the affine connection whose all Christoffel symbols are zero (or flat connection) and b “

tb1, . . . , bmu is an m-tuple of constant vector fields. That is, there exists pφ,α, β, γq P MF

such that

φ : Q Ñ Q̃ φpxq “ x̃

φ

˜

∇´

m
ÿ

r“1

gr b γr

¸

“ ∇̄

φ˚

˜

m
ÿ

r“1

βrsgr

¸

“ bs , 1 ď s ď m

φ˚

˜

e `

m
ÿ

r“1

grα
r

¸

“ Ex̃
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3.5 MF-equivalence of mechanical distributions

The MF-transformations act on the vector fields gr and e via the triple pφ,α, βq. It is
important to analyse how the distributions are affected by the MF-transformations:

E0 “ spantgr , 1 ď r ď mu

E j “ spantad iegr , 1 ď r ď m, 0 ď i ď ju

Thus, the transformed distributions are given by:

Ẽ0 “ spantg̃s , 1 ď s ď mu “ span

#

m
ÿ

r“1

βrsgr , 1 ď r ď m

+

“ E0

Ẽ j “ E j , 1 ď j ď m

(5.1)

It can be proven that this invariance property holds if and only if the distributions E j is
involutive.

Thus, we state (for proof refer [6]) the sufficient conditions for a mechanical system
to be static feedback linearizable while preserving the mechanical structure. The below
conditions are thus proven by also taking into consideration that the vertical distribution
V “ span

!

B
By1
, . . . , B

Byn

)

must be preserved upon transformation.

Theorem 3.5.1. A mechanical system pMSqpn,mq is said to be mechanical feedback (MF )
linearizable, locally around x0 P M if and only if, in the neighborhood of x0, it satisfies the
following conditions:

1. pML1q E0 and E1 are of constant rank

2. pML2q E0 is involutive

3. pML3q ann E0 Ă ann R

4. pML4q ann E0 Ă ann ∇gr for all r : 1 ď r ď m

5. pML5q ann E1 Ă ann ∇2e

For planar mechanical systems, the above conditions are simplified to obtain the conditions
stated below:

Proposition 3.5.2. A planar mechanical system pMSqp2,1q is locally MF -linearizable at
x0 P M to a controllable pLMSqp2,1q, if and only if it satisfies the following conditions:

1. pMD1q g and adeg are independent

2. pMD2q ∇gg P E0 and ∇adegg P E0

3. pMD3q ∇2g,adegadeg ´∇2adeg,gadeg P E0

3.5.1 Example

Here, we consider an example: a simple mechanical system - the inertia wheel pendulum.
The equations of motion are given by

m11:θ1 ` m12:θ2 ` c1 “ 0

m21:θ1 ` m22:θ2 “ u
(5.2)
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Figure 5.1: The inertia wheel pendulum

where

m11 “ md ` J2, m12 “ m21 “ m22 “ J2

md “ L21pm1 ` 4m2q ` J1, m0 “ aL1pm1 ` 2m2q

c1 “ ´m0 sin θ
1

Taking pθ1, θ2q “ px1, x2q and correspondingly p 9θ1, 9θ2q “ py1, y2q, we get the following
equations:

9x1 “ y1, 9x2 “ y2

9y1 “ e1 ` g1u, 9y2 “ e2 ` g2u
(5.3)

where

e1 “
m0
md
sin x1, g1 “ ´

1

md

e2 “ ´
m0
md
sin x1, g2 “

md ` J2
mdJ2

We will verify pMD1 ´MD3q from Proposition 3.5.2, since the mechanical system here is
a planar mechanical system.

First, we calculate:

adeg “ 0´

˜

m0
md
cos x1 0

´
m0
md
cos x1 0

¸ ˜

´ 1
md

md`J2
mdJ2

¸

“

˜

m0
m2
d

cos x1

´
m0
m2
d

cos x1

¸ (5.4)

It can be seen that g and adeg are independent (except at x1 “ ˘π2 ). Thus, MD1 is
satisfied. To verify MD2,

∇gg “

ˆ

Bgi
Bxj

gj ` Γijkgjgk

˙

B

Bxi
“ 0 P E0

∇adegg “ 0 P E0
(5.5)
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which is also verified. Lastly, for MD3,

∇2g,adegadeg “ ∇2adeg,gadeg “

¨

˝

m20
m5
d

cos2 x1

´
m20
m5
d

cos2 x1

˛

‚ (5.6)

Thus, we have:
∇2g,adegadeg ´∇2adeg,gadeg “ 0 P E0 (5.7)

Therefore, all the conditions pMD1 ´ MD3q are satisfied, and the given system is MF -
Linearizable.

We have the diffeomorphism Φpx, yq “ pφpxq, Dφpxqyq, which is given by:

x̃1 “
md ` J2
J2

x1 ` x2, x̃2 “
m0
J2
sin x1

ỹ1 “
md ` J2
J2

y1 ` y2, ỹ2 “
m0
J2
cos x1y1

(5.8)

Taking x̃ “
`

x̃1 x̃2 ỹ1 ỹ2
˘T

, such that the linearized equations become:

d

dt
x̃ “ Ax̃ ` Cũ (5.9)

Here, the matrices A “

¨

˚

˚

˝

0 0 1 0

0 0 0 1

0 1 0 0

0 0 0 0

˛

‹

‹

‚

, C “

¨

˚

˚

˝

0

0

0

1

˛

‹

‹

‚

and ũ “ ψpx, y , uq is the auxiliary control,

such that:

ũ “ ´
m0
J2
sin x1y

2
1 `

m20
2mdJ2

sin 2x1 ´
m0
mdJ2

cos x1u (5.10)
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Chapter 4

Dynamical FL for Mechanical
systems

4.1 Mechanical system with dynamic compensator

In this final chapter, we try to derive conditions similar to Theorem 3.5.1, but for a me-
chanical control system along with a dynamic compensator. The equations of the extended
system is given by:

9xi “ yi

9yi “ ´Γijkpxqyjyk ` eipxq `

m
ÿ

r“1

gir pxq

˜

ar px, wq `

m
ÿ

s“1

brspx, wqµs

¸

9wp “ κppx, wq `

m
ÿ

s“1

δps px, wqµs

(1.1)

where w P Rq is called the compensator state, µ P Rm is the compensator input, and
1 ď i ď n, 1 ď r ď m, 1 ď p ď q.

Combining these into compact notation with ξ :“ px, y , wqT , we have the dynamics:

9ξ “ F pξq `

m
ÿ

s“1

Gspξqµs (1.2)

where F “ yi
B

Bxi
`

´

´Γijkyjyk ` ei ` girar

¯

B

Byi
` κp

B

Bwp
and Gs “ girb

r
s

B

Byi
` δps

B

Bwp

Thus, if we have a feedback transformation for this system where, if

µr “ αr pξq ` γrjkpξqyjyk `

m
ÿ

s“1

βrs pξqvs

can lead to a locally linear mechanical system pLMSq given by

9zptq “ Azptq ` Bvptq (1.3)

where z “ Φpξq and v is the linearizing feedback. If such a transformation pΦ, α, β, γq

exists, then we have MF-Linearization of the extended system, or in other words, Dynamic
MF-Linearization of the original system.
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Taking this feedback transformation in the extended system, we obtain

9ξ “ F pξq `

m
ÿ

s“1

Gspξq

˜

αspξq ` γsjkpξqyjyk `

m
ÿ

l“1

βsl pξqvl

¸

This can again be compactly written as a first-order ODE on TQˆ Rq given by:

9ξj “ F̃jpξq `

m
ÿ

l“1

G̃jl pξqvl

for j “ 1, . . . , 2n ` q where,

F̃ “ yi
B

Bxi
`

`

´pΓijk ´ girb
r
sγ
s
jkqyjyk ` ei ` girar ` girb

r
sαs

˘ B

Byi
`

`

κp ` δpsαs ` δps γ
s
jkyjyk

˘ B

Bwp

and

G̃l “ girb
r
sβ
s
l

B

Byi
` δps β

s
l

B

Bwp

We can thus find conditions and corresponding transformations for mechanical feedback
equivalence of this extended system which, if MF-equivalent to a linear mechanical system
of the form 1.3, where z P R2n ˆ Rq, then we can establish conditions for dynamic MF-
Linearization of system 1.2.

Proposition 4.1.1. The system 1.2 is dynamically MF-linearizarable to a linear mechanical
system 1.3 if the following necessary conditions are satisfied:

1. The distribution Ẽk “ spantadF̃ G̃s , 1 ď j ď ku must be involutive and constant rank

2. The rank pG̃1, . . . , adF̃ G̃m, adF̃ G̃m, . . . , ad
2n`p´1

F̃
G̃mq “ 2n ` p

3. The diffeomorphism must preserve the vertical distribution

Φ˚

ˆ

span
"

B

By1
, . . . ,

B

Byn
,

B

Bw1
, . . . ,

B

Bwq

*˙

“ span
"

B

By1
, . . . ,

B

Byn
,

B

Bw1
, . . . ,

B

Bwq

*

4. The maps pb, γq must be such that Γijk ´ girb
r
sγ
s
jk “ 0, for all 1 ď i ď n.

Note that these are not sufficient conditions. They are derived by following a procedure
similar to conditions obtained in Theorem 3.5.1.

Future work involves deriving the sufficient conditions and applying to mechanical control
systems like inverted pole and cart system, inverted wheel pendulum, etc. This remains an
open problem since there may exist very few mechanical systems belonging to this class of
dynamically MF-linearizable systems.
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